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ABSTRACT: The steady-state response of a dilute salt solution of spherical macroions to strong electrical
fields has been calculated on the basis of the nonlinear diffusion equations, the Navier-Stokes equation, and
Poisson’s equation. The electrophoretic mobility shows essentially no nonlinear response at the field strengths
considered, but the effective charge and dipole moment, the latter proportional to the conductivity change,
show a strongly nonlinear response. At moderate field strengths part of the ion atmosphere is stripped away,
but at still larger fields the macroion traps counterions. A positively charged macroion together with its ion
atmosphere then has a net negative charge. If the Debye length « and radius a are such that xa > 1, as holds
for the numerical illustrations, nonlinearity in the polarization or nonquadratic response of the effective charge
sets in at field strengths that scale inversely with particle radius. The field strength can therefore be quite
low compared to what is required for Wien effects in strong electrolyte solutions, where the required field

scales as «.

I. Introduction

A considerable amount of experimental and theoretical
work has been done on nonlinear phenomena in simple
electrolytes, especially concerning the Wien effects! (in-
creasing conductivity with field strength). No comparable
body of theory, or experiments designed to advance theory,
seems to exist for macroions or polyelectrolytes. Strong
electrical fields are often used for the orientation of an-
isotropic macroions, and it is sometimes found that mol-
ecules not believed to have a permanent moment behave
as if they did.2 So it may be that the polarization of the
ion atmosphere is exhibiting a saturation. The main
motivation for this work is the exploration of nonlinear
effects in the polarization of the ion atmosphere. Inci-
dental results are gathered on the electrophoretic velocity,
on the apparent charge that arises from destruction of the
ion atmosphere, and on the complex conductivity.

The problem is somewhat more difficult than the cor-
responding one for simple electrolytes. The electrostatic
potentials are usually large compared to k5T and essen-
tially nothing can be linearized. Electrophoretic effects
and convective transport of salt ions are large, and the
Navier-Stokes equation is fully coupled with the diffusion
equations for the salt ions. It has therefore seemed sensible
to start the work with spheres rather than with anisotropic
bodies, for which interesting experiments may be easier.

Except for one generalization of great interest but un-
certain merit, our basic equations are those used for
electrophoresis by Overbeek et al.? However, we have
followed the notation and formulation of our previous
work.? Advances in computers and numerical analysis have
now brought those equations to the point of fairly routine
solubility for linear problems involving spheres. See the
work of O’Brien and White® on electrophoresis and De-
Lacey and White® on the complex conductivity. Nonlinear
problems and the study of anisotropic bodies”® have not
yet reached that stage.
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The generalization we mentioned consists in allowance
for a coefficient of sliding friction at the surface of the
macroion. The velocity gradients near the surface of a
macroion can be quite enormous by usual standards. Due
to the force exerted on high charge densities by the applied
electric field, the solvent is accelerated to the electro-
phoretic velocity over distances comparable to the Debye
length. This length may of course be much smaller than
the dimensions of the macroion, which would ordinarily
characterize the length scale. Consequently one anticipates
that the usual sticking boundary condition may be inad-
equate. (The suggestion has been made that electropho-
retic mobilities may show nonlinear effects originating in
breakup of the boundary layer at a few volts/cm. Some
scepticism may be warranted in regard to the explanation,
but the observation is intriguing.) Our intent here is lim-
ited to a comparison between the effects of slippage on a
macroion in an electric field, and the sedimentation of an
uncharged object. The nature and characterization of
slippage between a liquid and solid boundary have received
some attention for simple systems,!! but none that we
know of for electrolyte solutions.

In outline our work is as follows. In section II the basic
equations are reviewed. The only novelty here is the use
of the Stokes “stream function”, which considerably sim-
plifies problems of “axisymmetric” flow.!? There is no
special advantage to it for linear problems, and indeed it
cannot be used for some interesting linear problems in-
volving rotation or shear. However, this work is restricted
to a constant vector applied field, either electrical or
centrifugal (or both if they are parallel), of arbitrary am-
plitude. The symmetry is sufficient that the flow must
remain axisymmetric no matter how large the applied
force. A preliminary discussion of boundary conditions
is given for the purpose of relating the quantities of direct
physical interest to the asymptotic behavior of the solu-
tions. The quantities of direct physical interest are as-
sumed to be restricted to the electrophoretic velocity, the
apparent dipole moment, and perhaps the apparent charge
of the macroion system. The dipole determines the con-
ductivity increment. The theory is confined in all respects
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to dilute solutions, and only a single macroion is consid-
ered.

In section III the asymptotic behavior of the various
fields is considered, and also the boundary conditions on
the surface of the sphere. The main purpose of the former
considerations is to establish that the distorted charge
density vanishes at infinity with sufficient rapidity that
multipole expansions of the fields are justifiable in prin-
ciple. Considerably more can be done to establish the
asymptotic behavior for weak, oscillating fields.? We
consider this problem only to a limited extent, sufficient
to contrast the behavior in that case against the nonlinear
steady-state behavior, and to provide a basis for tests of
thin-layer theory reported in the following paper.!? For
the nonlinear problem we have had to use asymptotic fields
that are rather crude in their account of the charge density.
The main reason for this was the inability of the “shooting
method”, described in section VI, to deal with integrations
across a large range of distance. Despite the fact that
numerical integrations were started at about 15 Debye
lengths from the macroion surface, the fractional pertur-
bations in concentration were by no means small at our
larger applied field strengths.

In sections IV and V the field equations and boundary
conditions are all expanded in appropriate polynomials in
cos 8 (Legendre polynomials for the scalar potentials and
Gegenbauer polynomials for the velocity potentials). The
numerical approach is outlined in section VI, and a sketch
of results is given in section VII.

It seems probable that pulse techniques could produce
a body of useful information about the nonlinear response
of macroions, that theoretical results could be tested, and
that interesting information could be obtained about the
flow of solvent near the macroion surface. We are not
aware of any applicable data for spheres. So at the mo-
ment the main purpose served by this work is the gener-
ation of methodology and results which can help guide
theoretical work on anisotropic bodies.

II. Basic Equations

The formulation presented previously* is here extended
slightly. First, the linearization and approximations in-
troduced for thin double layers, in section IIIC* and sub-
sequently, are here abandoned. Throughout, arbitrarily
large perturbations of the equilibrium system are per-
mitted. Also, an external force is allowed in addition to,
or in place of, the external electrical field E,. The new
force is assumed to arise from a constant acceleration g
applied to every element of mass in the system. The no-
tation on the whole is that used previously, with one sig-
nificant exception. The symbol R, previously used to
designate a position vector in the laboratory frame, will
here designate the dimensionless position vector kr. As
before, r is a position vector relative to the center of the
macroion, and «* is the Debye length.

A. Force Balance Equation. Equations for the so-
lution velocity and electrical fields are summarized here.
An initial connection is drawn between the asymptotic
behavior of the two fields.

At any point r, whether in the solution or in the ma-
croion, the total force density would usually be set equal
to the product of mass density m(r) and the acceleration
of a mass element at r. Here we neglect this inertial force,
on the grounds previously stated,? and put

Vyeo + [m(r) —mglg =0 2.1)
where mg is the mass density of the solution and ¢ is the

sum of viscoelastic and electrical stresses. A term mgg has
been explicitly subtracted from the external force density
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in eq 2.1, and this has been compensated by an equivalent
(implicit) subtraction from the pressure gradient in V,-g.
With these subtractions the stress tensor vanishes (or at
least reduces to a constant pressure) at infinity. Integra-
tion of eq 2.1 over a sphere of radius B centered on the
macroion gives

F + (mM - ms)gVM =0 2.2)

where V) is the volume of the macroion and myy is its mass
density. F is the volume or surface integral

F= _fB V.0 dr = B? j; awe, de, (2.3)

The surface at B lies in the solution phase, near the ma-
croion, and an explicit expression for ¢ may be confined
to that phase. It may be shown* that the value of F is
independent of B. We therefore take B — « and evaluate
F from asymptotic solutions.

In the solution ¢ is the sum of the viscous and electrical
stresses, ¢ = oH + ¢F,

ol = 25(V,v)oym — P1

Vel = 9V,2v -V P (2.4)
and
of = (D/47)[EE - %,E?1] (2.5)
V,of = pE

respectively. v is the velocity, 7 is the shear viscosity, E
is the electrical field, D is the solvent dielectric constant,
and p is the charge density. These equations and eq 2.1
give the appropriate form of the Navier-Stokes equation,
which is used outside the macroion.

AV -VP+pE=0 (2.6)
The electrical field satisfies Poisson’s equation,
V.[D(r)E] = 4rp 2.7

D(r) is allowed to have a discontinuity across the macroion
surface. Equations 2.6 and 2.7 are the basic differential
equations for v(r) outside the macroion and for E(r) ev-
erywhere.

For the calculation of F the leading terms in the as-
ymptotic expansions of v and E are required. These ex-
pansions are naturally expressed in terms of the Green’s
functions for the respective equations, namely, 1/r for
Poisson’s equation and the Oseen tensor T(r) for the
Navier—Stokes equation. It should be clear that the as-
ymptotic fields displayed in this paragraph are not as-
sumed to describe the actual fields inside or near the
macroion. The differential equations everywhere satisfied
by the asymptotic fields are introduced only to help
evaluate the surface integral of eq 2.3.

v(r) ~ -V - T(r)-FE + ... (2.8)
where
T(r) =(1 + e,e,)/(8myr)
P~ —(FRY 1) /dr + ... (2.9)

The constant vector V? is the drift velocity of the macroion
in whatever applied fields are present. FH is the apparent
hydrodynamic force on the macroion. The displayed terms
of eq 2.8 satisfy

Vol = 9V,2v - VP = FH)(r) (2.10)
and therefore
j; ¥, dr = FH (2.11)
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The electrical field is obtained from
E=E"+ D! [—qV,r !t + (V.Vrhu+..] (212)

where g and u are the apparent charge and dipole moment,
respectively, of the macroion plus its (deformed) ion at-
mosphere. Through the monopole term of eq 2.12, E
satisfies Poisson’s equation

V-E = 4wp/D (2.13)
with
p = qb(r)
Therefore
V,a® = qd(r)[(E° + ge,/(Dr?)] (2.14)
and
FE = j; V,0F dr = gE° (2.15)

(A slightly broadened 6 function can be used to eliminate
the product of singularities in eq 2.14. The unit vector e,
remains to make the product vanish after angular inte-
gration.)

The force F is the sum, on the surface B, of its hydro-
dynamic and electrical parts, F¥ and FE, respectively, and
eq 2.2 becomes

FE+ gE®+ F¢ =0 (2.16)
where
Fé = (mM - mS)gVM

This equation serves to determine the asymptotic velocity
parameter FY in terms of the applied fields and the ap-
parent charge g. For small applied fields g is proportional
to the square of the applied field and may be suppressed
in a theory restricted to linear response. (That g does not
depend linearly on the applied fields can be taken as ob-
vious on symmetry grounds, since ¢ is a scalar and the
applied fields are vectors.) Here ¢ must be retained.

B. Diffusion and Electrochemical Potentials. The
mobile salt ions, labeled i = 1, ..., I, are presumed to satisfy
the force balance equation

—ﬂ,v(v,- - V) - kBWr In C,’ + q,E =0 (2.17)

where, for ion i, §; is a friction constant, v; the drift velocity,
g; the charge, and C; the number density. This equation
is supplemented by the conservation equation

3Cl/at = ‘V,’(C,‘V,‘) (218)

In practice we retain the time derivative only for weak,
oscillating applied fields. In the notation used previously,*
several useful potentials may be defined. A “chemical”
potential A, is defined in terms of the actual concentration
C; and the equilibrium concentration C;# by

h,(r) = 1n [Ci(r)/C&(1)] (2.19)

The equilibrium concentration at r is related to the
equilibrium electrostatic potential ¥¢ by the Poisson-
Boltzmann expression implicit in eq 2.17,

C,-e(r) = Ci exp[—qi\I’e/kBT] (2.20)

where C; is the bulk concentration of ion i. With & defined
by
=-V,¥
(2.21)
v=ve+ &

the drift velocity is given by
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vV,=V-— D,-V,pi (2.22)

where
Di = kBT/ﬁl (2.23)

and p; is an “electrochemical” potential
D = hi + (ql/kBT)é (2.24)

Equations 2.18 to 2.20, eq 2.22, and the incompressibility
of solvent give

DY (9h;/dt) =
(D' = V,p)V,[(q;¥°/kgT) - hy] + V,*p; (2.25)

This set of I equations is the basis of our calculation of
the p; (or ;). It has to be supplemented by equations for
the electrostatic potential and the velocity field.

The electrostatic potential is determined by Poisson’s
equation

Vo[D(x)V, V] = —4n[p + pmd(r — a)] (2.26)

where py is the surface charge density on the macroion,
which is presumed to have radius a. p now stands for the
charge density due to mobile ions. Qutside the macroion
o is given by

p=2Cg; (2.27)
= 2.q,C; explh; - q;¥*/kgT] (2.28)

The equilibrium potential ¥ is obtained by suppression
of h; in the last equation and may be characterized by its
value or derivative at r = a.

Ye(a) = ¢ (2.29)
(@Y /dr), = ~4mpy/D (2.30)

The first characterization, in terms of the “{ potential”,
is conventional in electrophoretic theory.

Another potential, the Stokes stream function S,'? is
convenient in the treatment of the velocity field. The
definition and fundamental properties of the stream
function are presented below.

C. Stream Function. All applied fields are assumed
to lie along the z axis of the laboratory and macroion
coordinate systems. This is a superficial convenience in
the linearized theory, where the response is additive over
all applied fields and the direction of each of them is
arbitrary. For the nonlinear problems a real restriction
is imposed: if centrifugal and electrical applied fields are
both present, they must lie along the same axis. The
restriction is imposed to force a uniaxial symmetry on the
system and thereby justify use of the Stokes stream
function S(r,8). Solvent and solution incompressibility is
also required. The arguments required to establish the
following equations are presented in Happel and Brenner,?
except that the body force pE must now be included in the
Navier-Stokes equation. (Their discussion is not easily
contracted or summarized, so the main results are simply
quoted. The only difference is that eq 2.34 below now has
a source term on the right-hand side.)

In a spherical coordinate system (r,0,¢) centered on the
macroion, a function S(r,f) exists independent of ¢ and
such that

v = (r sin 0)'e, X V,S(r,0) (2.31)

The two nonvanishing components of v are
v, = —(r? sin #)19S /36 (2.32)
vg = (r sin )9S /or (2.33)
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The equation satisfied by S is

dp 8¥ dp 3V
2Q = oin2 g = 2¥ _F 9%
M8 = sin 0[6 o de ] (2.34)
where
c=cosf
and

9%  sin?d &2
ar? rt  ac? (2.38)
D. Dimensionless Variables. The chemical and
electrochemical potentials A; and p; have been defined as
dimensionless variables. The coordinate vector, the elec-
trical and velocity fields, and the differential equations for
all quantities have still to be put in dimensionless form.
1. Electrical Field. Let

VY =eV/kgT
¢ =ed/kgT (2.36)
and
R=«r (2.37)

where e is the proton charge. The dimensionless electrical
field vector is

6= —VR\b = eE/(KkB’I') (238)

The magnitude of the dimensionless field is the potential
drop across a Debye length, in units of kgT.

In dealing with the mobile ion charge density, several
auxiliary parameters are convenient. Let

q; = ez;
pi=h +29
Ci = VL‘C (239)

where z; is the number of positive elementary charges
carried by i, C is the concentration of “neutral salt
molecules”, and »; is the number of ions of species i sup-
plied by each salt molecule. The definition of a neutral
salt molecule is subject to the neutrality condition

Sz =0 (2.40)

but is otherwise arbitrary. The Debye—Hiickel screening
length «1 is defined by

K2 = (411'6@2/DkBT)ZV,'Zi2 (2.41)

Introduction of the reduced potential and coordinates into
Poisson’s equation leads to a dimensionless measure p of
charge density related to p by

p(r) = (kRgTD«? /4we)p(r) (2.42)
where
p=2Z; explh; — z¥®) (2.43)
and
Z;8yz/2vzf (2.44)
2Z;=0 22Z;=1
Poisson’s equation for the solution phase then becomes
Ve = B (2.45)

The dimensionless equilibrium potential ¢¢ is again re-
covered from eq 2.43 and 2.45 with the h; set to zero.
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2. Diffusion Potentials. Equation 2.25 involves the
velocity and time in addition to other variables previously
put in dimensionless form. Define then the dimensionless
measure of time

r = (kgTk?/67nB)t (2.46)
and the dimensionless velocity u
u = (6anB/xkgT)v (2.47)
where B is the Bjerrum length
Bae?/DkgT (2.48)

Equation 2.25 becomes
Yi0h; /87 = (yu — Vgp)-V(2® ~ hy) + Vg’p; (2.49)
where v; is defined in terms of a Stokes law radius a;, §;
= 6mna;,
v;=a;/B (2.50)
3. Velocity Potential. In order to preserve the simple

relation between velocity components and the stream
function, a dimensionless stream function s is defined by

s = (6mBr/kgT)S (2.51)
Then
up = R23s /dc (2.52)
and
us = (R sin 6)719s /6R (2.53)

Equation 2.34 for the stream function becomes

3 ap o 9p
2 = Zgin2 gl = L _ T %
Ns 2 sin 0( dc R 4R 60) (2.54)

where
62 12 [ 32
= — 4 = (2.55)
dR? R?  4c?
An alternative expression for the source term in eq 2.54
follows from substitution of the identity

h; = p;i— 2y - ¢°) (2.56)
in eq 2.43 for the reduced charge density.
3 dp; 8y  op; oY
26 = = gin2 . )| — — - — —
NZs 5 sin 6§Z, exp(p; z,\//)[ % 3R 3R e
(2.57)

Inspection of eq 2.57 shows that ¥ may be replaced by #,
and p; suppressed in the expontential, if only the linear
response is wanted. This is in accord with the observation
of O’Brien and White® that the perturbation in electro-
static potential is not required in the linear electrophoretic
theory of the sphere. However, this decoupling is not
maintained in the nonlinear theory, in the study of os-
cillatory problems, or if more exotic boundary conditions
on the surface velocity are allowed than we or they consider
(see section I1IB).

III. Boundary Conditions

The main question taken up in this section is the as-
ymptotic behavior of the fields at large distances from the
macroion. The asymptotic behavior is important in two
aspects, first with regard to the inference of physical
properties, and second with regard to the numerical solu-
tion of the differential equations. Boundary conditions
on the surface of the macroion are mathematically
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straightforward. However, some physical questions do
arise in connection with partial slip. These questions are
considered at the end of this section.

Knowledge of asymptotic behavior is practically im-
portant in the numerical work. If this behavior is poorly
known, the numerical integration has to be started at a
distant outer boundary. And since the equations are
somewhat unstable, long integration ranges are undesira-
ble. Only a few properties of the asymptotic expansions
have immediate physical relevance, as far as we know.
These are the velocity at infinity, equivalent to the elec-
trophoretic velocity, and the apparent dipole moment,
which determines the (complex) conductivity or dielectric
modulus. However, a great many other boundary condi-
tions have to be specified to solve the equations.

The asymptotic equations that have to be considered
are naturally quite similar to those for the Wien effect in
simple electrolytes.! However, several complications are
present that make the problem difficult relative to the
classical work.! First, the equilibrium potential is not small
and does not serve as an ordering parameter. Second, the
differential equations do not apply everywhere, but only
outside a finite macroion. Therefore sources of unknown
strength have to be added to the differential equations,
to permit the surface boundary conditions to be satisfied.
Finally, the fields have sooner or later to be expanded in
spherical harmonics to allow matching of the inner
boundary conditions, whereas the asymptotic fields have
a compact representation only in cylindrical coordinates.

For linear problems involving colloids or macroions, the
asymptotic behavior has been fully discussed by White et
al.5® for both steady-state and oscillatory motion. We have
retained in our equations the terms necessary for linear
oscillatory motion. However, the methods used here were
designed for the nonlinear steady-state problem and
therefore bear more resemblance to the methods used for
the Wien effect! than to those of DeLacey and White.
Because the asymptotic equations are quasi-linear, the
differences are not major.

The study of asymptotic behavior centers on the con-
centration fields h;, The concentrations determine the
charge density, and from that the electrostatic field. The
remaining field, the stream function, is found in practice
to converge fairly rapidly to simple asymptotic behavior,
and no special attention is given to it at this point. It is
considered in section V, along with the spherical harmonic
expansions of other fields.

In this section the study of boundary conditions is
carried only to the point where a choice of coordinate
representations has to be made for further progress.

A. Asymptotic Behavior of the h;,. Certain leading
terms in the solution are known immediately. The h;
measure concentration perturbations and vanish at infin-
ity. The electric field and velocity enter the equations for
h;. At infinity the electric field approaches a constant &°.
The velocity u approaches a constant —U°, where U is the
macroion velocity in dimensionless units. Equation 2.16
relates the next order terms in the asymptotic behavior
of velocity and electric fields. The charge density also
enters the equations for h;. The charge density is deter-
mined in eq 2.43 by the h;, or at large R by just the sum
of Z;h;. So the asymptotic behavior of the h; has to be
studied in order to understand the charge decay.

At large R, y* decays as e®/R and is presumed to be
neglible in the region under consideration. Then eq 2.43
and 2.45 give

V6 = =(p - %)
=-(h + %X Zh?+ ..] (3.1)
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where
I
h=XZh;
i=1
~ (p-p° (3.2)

The terms of order 4;? in eq 3.1 may be suppressed in the
asymptotic expansion. However, as will be amplified in
section V, it is doubtful whether the asymptotic region of
the charge density was reached in practice.

Since p; = h; + 2,6, eq 2.49 can be written

VR2hj - Zjh + LjO'Vth - ‘y]ahj/aT = tJ(R) (33)
where
LjO = “Yon = ngo (34)

and ¢;(R) is a source term. In principle, ¢;(R) represents
the nonlinear terms that have been suppressed in eq 3.3,
and the equation applies only outside the macroion. In
practice, eq 3.3 is assumed to apply for all R, but the
solutions are used only for large R. t;(R) is inserted to
generate asymptotic behavior and is a sum of & functions
and derivatives of § functions with varying amplitudes.
These amplitudes represent the parameters used to
characterize the asymptotic behavior. The asymptotic
solutions of (3.3) are wanted in two special cases: (1)
linearized oscillatory motion with time dependence exp-
(iwt), and (2) steady-state nonlinear motion. These cases
are treated simultaneously. Equation 3.3 may now be
written

szhj - Zjh + LjO'Vth - lw'}/]hj = tJ(R) (35)

Equation 3.5 is soluble by Fourier transform techniques.
Let

hR) = [ Hik) exp(ikR) dk (3.6)
HR) = [ T;(k) exp(ikR) dk (3.7)

Then
(k2 - ik LP + iwy)H; = -T;-z,H  (3.8)

where

I
H(k) = > ZH;(k) (3.9)
i=1

Equation 3.8 is an algebraic equation for the Hi(k). It may
be solved first for H; in terms of H and the T;. Then the
solution for H; may be summed and H computed. Elim-
ination of H then gives H; in terms of all T;. The result
may be put in the form

[TjOj + Z(Z;TJ - iji)ZiOij]

H =- 3.10
! 0+ ZziZiOi ( )

where the quantities O, O;, and O;; are defined in terms
of o,

0; = iw'y,v - ik'LiO (311)
as follows
I
O = H(k2 + Oi)
=1
0; = O[k? + 0, (3.12)
0 = O[k* + o]

We make several observations about eq 3.10. First, the
right-hand side contains a sum over i that does not con-
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tribute at all to the charge transform H. When eq 3.10 is
multiplied by Z; and summed, to get H, the sum over { in
(3.10) is annihilated. Second, the inverse transform of H;
will be computed later by residue integration techniques,
and all poles of H; will be assumed to belong to the de-
nominator of (3.10), rather than to the source functions
T;. Lastly, as all the L,° are assumed to lie along the z axis,
it is natural to adopt cylindrical coordinates, say (k,,k,).
The solution is independent of the cylinder angle coor-
dinate. Then the denominator of (3.10) is a low-order
polynomial in k,% (a quadratic polynomial if I = 2), and
the inverse transform may be reduced to a one-dimensional
integral.

These observations can be used immediately to provide
some justification of a multipole expansion of the elec-
trostatic potential. It is apparent that such an expansion
has to be regarded with considerable suspicion, because
the concentration potentials h; show power law decay in
the limit of small applied fields. We suppose that what
is required for the validity of a multipole expansion is the
existence of all moments M, of the asymptotic charge.

M, = f Z"h(R) dR (3.13)

The M, may be computed from the Fourier transform
H(k) as

M, = f f ZH(k) exp(ik-R) dk dR  (3.14)
and eq 3.10 gives

M, =
- [ f 22 (Z2,T,0)(0 + £2,2,0)" exp(ik-R) dk dR

J J
(3.15)

Introduction of the cylindrical coordinates (k,,k,) for k and
(r,2) for R allows a preliminary two-dimensional integra-
tion over r. This develops a é function 4(k,). Thus

M,,=—47r2ffznx

ZZ]TJ(kz)(kz2 + iawj - ikzLjO)-l
J

k,Z) dk, dZ (3.16
L+ 22,Zk? + iwy; - ik.LO)™ exp(ik.2) (3.16)
J

Integration over z develops the nth derivative of a §
function &(k,).
M, =

SZ Tk (k2 + iwy, - ik, L)

j

—8nd" - -
Ok," 1+ 22, Z(k2 + iwy, ~ th, L9

J k=0

(3.17)

In discussing the existence of the derivatives, we first recall
the two cases of interest: (1) linear oscillatory flow, for
which the L° = 0, and (2) nonlinear steady-state flow, for
which w = 0. Next recall that ¢;(R) is intended to be a
short-range source. It follows that its Fourier transform
evaluated at k, = 0, namely, T)(k,), is a well-behaved
funtion of k, near k, = 0. Later, in section V, a power series
expansion will be used. The remaining factor in eq 3.17
also has finite derivatives of all order at k, = 0, and all
moments are finite. The only possible divergence of the
moments occurs for n > 1 in the limit of vanishing fre-
quency (case 1) or vanishing applied field (case 2). Asthe
higher moments have no special interest, especially in those
limiting cases where the numerical work presents no dif-
ficulty, further discussion has not seemed necessary.

B. Surface Boundary Conditions. On the macroion
surface let B = xa = . The electrostatic potential and the
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normal component of the electric displacement vector are
continuous at the surface, so

¢(at) = ¢(a) (3.18)
and
(0¢(R)/0R) ,+ = (D1/D)(8¢(R) /0R),-  (3.19)

where Dy is the dielectric constant inside the sphere. The
equilibrium potential is characterized by its reduced ¢
potential Y&(a) = 5.

The normal components of the velocity and diffusion
fluxes are required to vanish on the surface. Therefore

(dp;/dR), = 0 (3.20)
and
(¥s/dc), =0 or s(a) =0 (3.21)

according to eq 2.52 and 2.53. The former equation only
establishes that s is a constant on the surface. The latter
equation establishes that an angle-independent integration
constant of s has to be independent of R; otherwise u,
blows up at § = 0 and 7. So the constant may be chosen
as zero.

It is conventional in electrophoretic theory to take the
tangential component of velocity to vanish on the surface.
However, use of the stream function makes it fairly easy
to consider a more general boundary condition involving
partial slip. The degree of slipping is determined by a new
physical parameter, the “coefficient of sliding friction” f.
So as not to lose track of the dimensions or probable order
of magnitude of f, we begin consideration of it in physical
rather than dimensionless units. Take!?

fl)g = GrgH + XO',.QE; R=q« (3.22)

x is another parameter which has been set to zero in the
numerical work. We next discuss why this was done.

The reason for ascribing slippage at the surface solely
to the velocity gradient is that the electrical stress, if re-
tained in eq 3.22 with x nonvanishing, sets the fluid in
motion in circumstances that violate intuition. Consider
an uncharged sphere in a nonelectrolyte solution subjected
to a constant external electrical field. The divergence of
oF vanishes, and therefore there is no electrical force ap-
pearing in the Navier—Stokes equation. Yet

o, = (D/47)E.E, (3.23)

is nonvanishing. The integral of the normal stress over
the surface of the sphere vanishes, in accord with intuition,
but locally o, is not always zero. Consequently, retention
of nonvanishing x would, in this situation, give rise to
motion of the fluid. Such a result does not seem accept-
able. We have therefore retained only formally the elec-
trical contribution in eq 3.22 and put x = 0 in practice.
It may well be that nonvanishing values should be con-
sidered for electrolyte systems, but we have no estimates
to supply, and it has seemed fruitless to explore a set of
random numbers.

Little help is available for f either, but some investigation
of fluid boundary conditions has taken place.!* All that
we have done is to compare the relative effects of f in the
electrolyte problem and in Stokes law for nonelectrolyte
systems, The dimensions of f are evidently the same as
the dimensions of n/l;, where ; is some length, and we take
f =n/l;. For a nonelectrolyte solvent the effective Stokes
law radius @ becomes!?

aer = a(l + 2l;/a) /(1 + 3l;/a) ~ a~ 1+ .. (3.24)

and slippage becomes unimportant if [; < . We assume
that I has the order of magnitude of angstroms.
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Application of eq 3.22 requires the following component
of ¢¥ on the surface:

1 aU, af Y
Hay| = 24 r 22 25
Irt 71[ r o8 ’ar( r )] (8.25)

The first term in brackets in (3.25) vanishes on the surface.
Conversion to dimensionless variables and introduction
of the streaming function and electric potential lead to the
following form for eq 3.22:

s _ 20 a_)s LA
(BR)a_a(lf/a)[RaR(R 3B 5X sin 06R a |
(3.26)

IV. Multipole Expansions of Equations

We have found that the charge density decays suffi-
ciently rapidly that its moments exist and concluded that
multipole expansions of ¢ and s would therefore be pos-
sible. In this section the appropriate expansions are de-
rived. The different fields are all coupled in the problems
of interest, so there is no obvious order of presentation.

In order to avoid future repetition of the basic equations,
we will treat the linear oscillatory problem and the non-
linear steady-state problem together in this section. A time
dependence exp(iwT) is assumed for all fields, and exp(twr)
is factored out as if the equations were linear. Obviously
this is permissible only if any nonlinear terms in exp(iwr)
are discarded, or if w = 0, and the equations are valid only
in those two special limits. The equations of this section
are believed to remain valid in the situation that a weak
oscillatory field is superposed on a strong steady field in
the same direction, if linearization with respect to the weak
field is performed. However, the resultant equations have
not been explored.

The multipole expansions are

hi{(R.) = ihi"(R)Pn(C) 4.1)
0
L

¢(R,c) = ‘%ab"(R)Pn(C) (4.2)
G

s(R,c) = 2 s™(R)G,(c) (4.3)

2

where P,(c) is the Legendre polynomial in ¢ = cos 6 and
G, (c) is a Gegenbauer polynomial. These polynomials are
eigenfunctions of V32 and W, the latter defined in eq 2.55.
Specifically,

Vi [¢"(R)P,(c)] = Py(c)L,¢"™(R) (4.4)

where the operator L, is defined by

1] 6,9 _
L, = 7 GRR 3R nin + 1)] (4.5)
and

N[sMR)G, ()] = G (c)N,s"(R) (4.6)

where the operator WV, is defined by

92 nn+1)

Ny = o 4.7
" oR? R? @D

The expansion of p;*(R,c) has the same form as eq 4.1, but
p;" will be obtained from p;* = b, + 2,¢". Separate con-
sideration of p;* is not required.

The upper limits to the sums in (4.1) to (4.3) are dictated
by the requirements of numerical precision for the non-
linear problem. For the linear problem only n = 1 occurs
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in (4.1) and (4.2) and n = 2 in (4.3). The exclusion of n
=0 and n = 1 in eq 4.3 results from the boundary con-
dition that the tangential velocity is finite. The s,(R)
cannot depend on R, for n = 0 and n = 1, according to eq
2.53, and we are therefore free to set their constant values
to zero. The G, for n > 1 form a complete and ortho-
normal basis for functions satisfying the boundary con-
dition of finite velocity. The properties of G, are sum-
marized in Happel and Brenner!? and are briefly recapi-
tulated in Appendix A.

Application of the orthonormality and completeness
properties of the two basis sets is facilitated with the
following definitions of projection operators. P, is defined
to give 8,,, when applied to the Legendre polynomial P,,(c),
and ¢, is defined to give §,,, when applied to G,,(c)/sin?
6 with n and m greater than unity.

P,£(c) = %(2n + 1) f llP,,(c)f(c) de (4.8)

it

1
Gnf(c) = Yon(n - 1)(2n - 1)f1Gn(c)f(c) de (4.9)
When the projections of nonlinear products or exponentials
of fields were required in the numerical work, eq 4.8 and
4.9 were replaced by Gauss-Legendre numerical integra-
tions.

For clarity regarding the two limiting situations defined
at the beginning of this section, as well as for numerical
accuracy, it is useful to have a distinct separation between
linear and nonlinear contributions. This is the reason for
breaking up the source terms in the following equations
in what might seem a needlessly complicated way.

Our plan is to present the differential equations for the
various fields initially and then return to the Legendre or
Gegenbauer decomposition of the boundary conditions. In
each case the differential equations will be written with
L, or N, acting on one of the fields on the left side and
a defined source term on the right.

A. Electrical Potential. Equations 2.43 and 2.45 give,
after the equilibrium potential and charge density are
subtracted,

Vpl¢ = -LZ; exp(-zy*)(-1 + exp h)  (4.10)

Application of P, to this equation gives
L,¢" = F*(R) (4.11)
where
FYR) = -X.Zh" exp(-z¥*) -
l 2 Z; exp(-zy*)P,(-1 ~ h; + exp h;) (4.12)

The source term F, is here divided into a linear part, the
first sum on the right-hand side, and a nonlinear part
which is at least quadratic in applied fields.

B. Electrochemical Potentials. In eq 2.49 the time
dependence is taken to be exp(iwr). We recall our un-
derstanding that linearization with respect to the oscilla-
tory part of the field is implicit. In the term Vz?p; of eq
2.49, p; is replaced by h; + 2,6, and eq 4.10 and 4.11 are
used. Projection with P, gives

’Cnhin = HLH(R) (4.13)

where

; . o e
H(R) = iwy;h" + 2Rl "R * 3R

P.[Vrha(yiu — Vgp))] (4.14)

"‘ZiFn+
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The projection of the radial velocity component has been
written as

P.up = -R%™1(R) (4.15)

which readily follows from the fact that dG,/dc = -P,_,.
The nonlinear parts of the source H;* are the nonlinear part
of F* and the last term on the right side of (4.14). That
term retains an explicit projection operator. Written out
in terms of the potentials and their derivatives, the last
term takes the form

Pp[Vghi(viu - Vgp)] =
1 os  ,0p; Yoh ds ., 0P \oh
R?p"[ (”ac B3R )aR iar T 050 )

C. Stream Function. Application of the projection
operator &, to eq 2.57 after division by sin? 8 gives

N, 25" = SMR) (417)
where
S™R) =
3 ) —za® N\ 5. 3P T AP 3.
/2?2; exp(-2z,y )gn[ (exp h’)( dc 3R 4R dc )]
(4.18)

It will be convenient for some purposes to write the
fourth-order differential equation for the stream function,
eq 4.17, as a pair of second-order differential equations for
s™ and the auxiliary function w” defined by

N,s" = w*(R) (4.19)
and
N,uw" = SMR) (4.20)

Finally, it is convenient to have the source term S™ ex-
plicitly divided into its linear and nonlinear parts.
Equation 4.18 gives

S™R) = %n(n - 1)2Z; exp(-z§*)(3y*/9R)p;" +

oy* ap;
%2.Z; exp(-z°) pol texph)——+

b oh; 3¢ dh; d¢ 5
S.| (exp k) %ﬁ_ﬁb—c (4.21)

The first sum on the right-hand side is linear, and the
remaining terms are quadratic or higher order in the ap-
plied fields.

V. Multipole Expansion of Boundary Conditions

We take up first the behavior of the solutions at large
R and then the boundary conditions on the macroion
surface. A preliminary discussion of asymptotic behavior
was presented in section III. That discussion has now to
be amplified in the context of the truncated multipole
expansions developed in section IV.

The asymptotic concentration potentials b satisfy a set
of differential equations (3.5) that do not involve the
electrostatic potential or any aspect of the stream function
other than the electrophoretic velocity U° The order of
discussion, therefore, is the concentration potentials first,
followed by a special discussion of charge decay, then the
electrostatic potential, and last the stream function.

A. Asymptotic Expansions of Concentration Po-
tentials. The concentration potential h;(R), 1 < j <1, is
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given in eq 3.6 as the Fourier transform of H;(k), and the
latter is given in eq 3.10. It proves convenient later to deal
with a displaced wave vector w. Let

w=k + M
F(w)a Hj(w - iM) (5.1)
h;(R) = exp(M-R)f;(R)
where
fi(R) = fFj(w) exp(iw-R) dw (5.2)

The displacement M is a constant vector that will be
chosen later to facilitate a residue integration of eq 5.2.

All functions will retain the axial symmetry of the
physical problem, and in spherical polar coordinates w =
(w,8,,¢,), F; will be independent of the azimuthal angle.
The spherical harmonic addition theorem may therefore
be used in the form!4

27
j; exp(iw-R) dg, =
275 (2n + 1)i"P,(cos 6p)P,(cos 6,)j,(wR) (5.3)
[}

where j,(wR) is a spherical Bessel function of the first
kind.}*'® It follows from eq 5.2 that

fiR) = T (RIPy(cos 6y (5.4)
where
frB) = 4t [ WRIPFwiw? dw (5.5)

The projection operator 2, here operates on 6,

The integrand in eq 5.5 is an even function of w, and
the domain of integration may be extended to the range
—o < w < +», This may be verified from the Fourier
inverse of eq 5.2, along with eq 5.3 and

Jn(=x) = (=1)",(x)
P,(=c) = (-1)"P,(c)
Introduction of the spherical Bessel functions of the third
kind,'® b,V and h,?,
Jn(wR) = Y%[h,PwR) + h,?P(wR)] (5.6)

gives
+o©
fiM(R) = 27ri"J: h,VWR)P, Fi(w)w?dw (5.7)

The last integral will be evaluated by residue integration.
It may be verified that the integrand has no poles at the
origin except in the linear steady state. The argument is
essentially that employed earlier, in section III, to show
that the multipole moments of h;(R) are finite.

We now refer again to eq 3.10 for H;(k) and write that
equation in the form

H(k) = N;(k)/D(k) (5.8)
The numerator is defined by
N](k) = _[TJOJ + Z(ZLTJ - Z]T,')Z,OU] (5.9)
and the denominator by

ﬂ(k) = O + ZziZ,-O,- (5.10)

For the special case I = 2, i.e., when two mobile ions are
present, the denominator takes the form
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D(k) = k* + k21 + 01 + 0) + 2ik-M +
iw(zlzl'YZ + 22Z2)/1) + 0109 (5.11)

where
M = Y(2,Z,Ly° + 2,Z,L,°) (5.12)

and the o; were defined in section III. Equation 5.12 gives
the value of the previously arbitrary vector M. The ra-
tionale for this choice will appear shortly.

We now make the tentative assumption that all poles
in the integrand of eq 5.7 arise from the denominator D
of (5.8), rather than from the source functions T; in the
numerator. The T; will be considered shortly.

In the special case of linear flow the L,° and M vanish.
For w = 0 the roots of D and the poles of F; occur at k =
0,i. For linear oscillatory flow at nonvanishing frequency,
D is still a quadratic function in &2, so the roots remain
easy to calculate. A few details of the resulting formulas
are summarized in Appendix B. In view of the recent work
by DeLacey and White® on linear oscillatory flow, it has
seemed appropriate to present only a sketch of that case
according to the present approach.

The nonlinear steady-state case, w = 0, is now consid-
ered. For moderate field strengths one of the poles should
stay near the origin, and this pole is the one most relevant
to the asymptotic behavior. For small k eq 5.11 may be
approximated by

D(k) =~ |k + iM]* + M?

w? + M? (5.13)

and the appropriate root is w = i\, where A = |[M|. In
practice the magnitude of A is about 0.1-0.2 for the largest
field strengths we have considered, namely, § ~ 1. For
such field strengths the numerator W; of eq 5.8 can be
approximated by

.Nj(k) = _Z(ziTj - Z]'T,')Zi (514)

o

because O, is smaller than O, which is just unity for I =
2, by a factor of order A2 It should be appreciated that
this approximation completely suppresses the long-range
charge density, which is obtained from multiplication of
h; or f; by Z; and summation over j. The nature of the
long-range cflarge decay will be considered in more detail
below, and a nonvanishing approximation will be given.
With eq 5.13 and 5.14, the residue integration for f;* may
be completed with the result

fjn = szki"hn(l)(iKR)?nZ(ziTj - ZjTi)Zi (5.15)

where the T} are to be evaluated with w = i\,

The T; have now to be considered. We require 7;(w —
iM) and evaluate it from its Fourier transform relation to
the physical sources ¢

Tj(w - iM) = (8% [ exp(-M-R - iw-R)t;(R) dR
(5.16)

A spherical harmonic expansion of exp(-iw-R), as in eq
5.3, shows that the integral over R required in (5.16) is
proportional to

fexp(—M-R)jn(wR)Pn(cos 6)ti(R) dR  (5.17)

As our intention has been to generate the asymptotic so-
lutions from short-ranged sources ¢;(R), it follows that the
J» may be expanded in powers of wR. The result is

P, Tiw —iM) « (-iw)"

or
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P, T{w ~iM) = \* (5.18)

at the pole.

For convenience in the numerical work we have absorbed
the proportionality constants in eq 5.18, and other con-
stants in (5.15), into parameters 7" and defined the
modified Bessel functions of the third king g,(AR):

g.(AR) B " 2\*1h (D(IAR) (5.19)

A few relevant properties of the g, are summarized in
Appendix C. Note that in the limit A — 0, g, « R+,
The final result for f;* is

1
fjn(R) = gn(m)E(ZiTj" - ZjTi")Zj (5.20)
Calculation of h;* follows eq 5.1,
L
h*R) = P, exp(M-R) X f™(R)P,,(cos R) (5.21)
m=0

The sum over m is truncated at L because our method of
solving the differential equations allows I«(L + 1) param-
eters for the asymptotic forms of the ~;”. In fact, eq 5.20
shows that only (f - 1)«(L + 1) independent parameters
are present in the approximation being used, because

h* = ZZjhjn
J

vanishes identically. However, an additional set of (L +
1) parameters will be introduced in the asymptotic de-
scription of the A"

B. Asymptotic Expansion of the Charge Density.
As was noted below eq 5.14, the approximation being used
for the concentration fields ;" is inadequate for the linear
combination of concentrations that gives the charge den-
sity. Retention of the discarded terms would not add a
great deal of work to the calculation of A%, but that work
was not felt to be worthwhile for several reasons, which
we now discuss.

First, the charge density is not itself one of the fields
to be integrated. Rather the h;" fields are the ones to be
initiated at the outer boundary, and the missing contri-
butions should be smaller, as was noted, by a factor of
about A%2. The numerical work bore this out: the charge
contribution h” was smaller than individual #;” by a factor
of 102-102 at the largest fields and R that were studied.
So the improvement in the concentration fields would be
small.

Second, a parameterized expression for the charge
density at large R is useful mainly for the calculation of
the multipole moments of charge and dipole moment.
Because the charge density decays with R quite slowly at
large field strengths, the asymptotic expansion of the
electrical potential is achieved very slowly. Unfortunately,
the terms left out of eq 5.14 give rise to an h™(R) that seems
impossible to integrate analytically, and painful to inte-
grate numerically.

Third, and most important, it seemed quite doubtful
that the asymptotic expression for A" would give an ade-
quate account of the charge density even it it were easy
to integrate it. The numerical integration results indicated
that the linear contribution to the charge density, namely,
h", accounted for only !/, to 2/, of the total charge density
at the largest R practical to study by the methods of
section VI. The maximum feasible distance from the inner
to the outer boundary was about 12-18 Debye lengths with
those methods.

For these reasons h*(R) was arbitrarily assigned a power
law decay, and the coefficients of the (L + 1) power
functions provided the remaining parameters at the outer
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boundary. h" was treated as if it were the proper charge
density at large R for the purpose of extrapolating the
multipole moments. And finally, the adequacy of the
choice of powers was judged by whether the extrapolated
estimates of the charge and dipole moments approached
constant values in the outer range of numerical integration.
The approximation is not very good as small fields, but
the outer boundary could be taken far enough out that
good agreement with the linearized theory of Appendix B
was obtained. At large fields the approximation seemed
to work better. The concluding discussion of results will
put these last remarks in more quantitative terms.
The specific equations used were

£n¢hn ~ -h"
h" ~ R—(3+n+x); ¢hn ~ R—(1+n+x) (522)

and x varied with n. According to the discussion in section
II, all the moments of charge distribution should exist for
nonvanishing fields. It suffices to take x > 0 for this
purpose. In practice we generally used x = (1, 1, 0.1, 0.1)
for n = (0, 1, 2, 3), respectively.

C. Remaining Asymptotic Expansions. The source
terms F" and S” on the right-hand sides of the basic dif-
ferential equations (4.11) and (4.20) will have exponential
decay at infinity for finite field strengths. The solutions
of those equations will therefore behave at infinity like the
solutions of the corresponding homogeneous equations.
These equations involve the operators £, and WV,

The operator .£,, has the power law eigenfunctions

L,R™ = 0; m=n,—-(n+1) (5.23)
and W, has the eigenfunctions
N, R™ =0 m=n, 1-n (5.24)

As just noted, we add ¢,," of (5.22) to the multiple so-
lution for ¢™

¢™(R) ~ -6°Ré,,; + A"R™ D + ¢, M(R)  (5.25)

The first term on the right-hand side gives the applied
field, and the second term gives the multipole field. The
latter for n = 0, n = 1 are related to the apparent charge
and dipole moment introduced earlier in eq 2.12:

A% = eqx/kgTD = qp (5.26)
Al = pe®/kgTD = up (5.27)

with u = pe,. gp and pp are the apparent induced charge
and dipole moment, in reduced units. They will be tab-
ulated for a few examples below.

The equation for the velocity potential s” has been split
into eq 4.19 and 4.20. The latter has the source term S”
and has the asymptotic solutions of the homogeneous
equation, R™ and R'™. The first of these generates a so-
lution of (4.19), s* ~ R™*?2. This has to be rejected because
it leads to a divergent velocity, and

w* ~ 2(3 - 2n) WrRl™ (5.28)
A multiplicative constant has been inserted here so that
it does not appear later. Substitution from eq 5.28 into

eq 4.19 generates a special solution of the latter, and ad-
dition of the two general solutions gives

s" ~ S,"R™ + S,"RI™ + WrRSn (5.29)

The requirement that the velocity approaches a constant
at infinity gives

S"=0, n>2 (5.30)
Equation 5.29 adds two parameters at the outer boundary
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for each n > 2. Two boundary conditions at R = «xa will
later be added also for each n > 2.

For n = 2 the parameter W" is not free; it is determined
in terms of the centrifugal force and the charge ¢ from eq
2.16. To establish this connection and the physical in-
terpretation of S;%, we express eq 2.8 and 2.16 in dimen-
sionless variables:

u ~ -U°- 3BF1/4kgT)R (1 + egep)-e, (5.31)

Comparison of this expression with the expression for u
derived from eq 2.52, 2.53, and 5.29 gives

SiE=U° (5.32)
and
W? = -%(B/kpT)(qE® + F¥) (5.33)
or
W2 = -3[A%6° + BF%/kyT)] (5.34)

with the aid of eq 5.26 for A? and eq 2.38 for £°. 6° and
F? designate projections on the positive z axis. Forn =
2, then, the parameters to be added to the list of unknowns
are S,? and S,% and the first of these is equal to the
electrophoretic velocity. (It has been conventional in
theoretical studies of the linear electrophoretic velocity to
express the results as the dimensionless reduced mobility
U°/6°.)

D. Inner Boundary Conditions. For every parameter
introduced at the outer boundary, an equation without
additional unknowns has to be specified at the inner
boundary. Since all fields in the vicinity of the inner
boundary are in principle known in terms of the previous
parameters, from solutions to the differential equations,
the fields themselves do not contain additional unknowns.

For the electrostatic potential, eq 3.17 and 3.18 provide
two equations and two additional parameters, the inner
field and its derivative. However, the latter are related

¢"(R) < R", R<a (5.35)
and this yields the single equation with no new parameters
(3¢™(R)/3R), = n(Dy/D)at¢™(e) (5.36)

The derivative at R = « has to be evaluated on the solution
side of the macroion surface.
The condition of vanishing diffusion flux gives

(6p”/9R), = (6h{*/OR), + 2,(3¢" /OR), = 0 (56.37)

The condition of vanishing normal solution velocity
gives, from eq 3.20,

sMa) =0 (5.38)

There remains the boundary condition (3.25) involving

sliding friction. Division of that equation by sin? § and
application of the projection operator ¢, gives

(8s"/3R), = all;/a) [ R2%(R'2%) - %xn(n -

awe n-1 _ 3 a¢ a_¢
Dog®™ = %xSuzp o= | 539

The last term on the right-hand side is quadratic or higher
order in the applied fields. Preceding terms are linear (or
higher) order.

VI. Numerical Aspects

A count of the second-order differential equations pro-
vides a useful introduction to the discussion of numerical
work. We have one ordinary second-order differential
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equation for Y¢(R), one partial differential equation for
each concentration field h;(R,0), with i = 1, ..., I, two
equations for the velocity, involving the stream function
s(R,6) and the auxiliary function w(R,6), and one equation
for the electrostatic potential ¢(R,8). The expansions of
h;and ¢ in (L + 1) Legendre polynomials and s and w in
(G - 1) Gegenbauer polynomials raises the count to [( +
1)(L + 1) + 2(G - 1) + 1] ordinary second-order equations,
or twice as many first-order equations. For most of the
numerical work, only two salt species were used, and the
multipole expansions were truncated at L = G = 3. This
seemed adequate at least for preliminary work. These
values generate 34 first-order equations. The equations
are nonlinear and are of elliptic type, apparently well-
known to be numerically unstable. The equations for y#(R)
can be solved independently; the remaining equations are
coupled to each other and to ¢#(R). So the numerical
problems were nontrivial, by the standards of the author.

The goal of the numerical work is to satisfy the boundary
conditions at some large R, say, R = 3, with a set of pa-
rameters described in section V. Some of these parame-
ters, such as the velocity U° and the dipole moment ug,
have direct physical interest. All the parameters have to
be chosed so that the boundary conditions at the surface
R = « are satisfied. In principle the number of parameters
is half the number of first-order differential equations.

In the following paragraphs we first discuss the most
elementary form of the “shooting method” used to deter-
mine the parameters and then sketch a slight refinement
of it that increases the stability of the algorithm. Trans-
formations of the differential equations, made for the same
purpose, are then summarized.

A. Shooting Method. This method was used before
for the linear electrophoresis and conductivity problems®®
but was not so named. Lengthy descriptions!®!” and brief
summaries'® may be found in the literature. In its simplest
form the method supposes that parameters P® = [P?], i
=1, ..., p, specify the values of certain functions y;(R), here
2p in number, at R = 8. The y; satisfy a set of 2p first-
order differential equations that may be integrated from
R =p3toR =a. The y’s at R = a are then functions of
the P, and p boundary conditions at « give rise to p
equations

F(Pba)=0, i=1,.,p 6.1)

that have to be solved for the P?. If the differential
equations are linear in those y’s that depend on the P2,
then the algebraic equations (6.1) are linear in the P?.
Nonlinear differential equations give rise to nonlinear
algebraic equations that may be solved, if one is fortunate,
by a Newton iteration of eq 6.1. This is the procedure we
followed. A finite difference estimate of the Jacobian
[0F;/0P;*] was used for the iteration. To compute the
differences in F,, p integrations of the set of differential
equations are needed, a different P} being varied for each
integration, and one integration must be performed with
unvaried P’s. This iteration is not guaranteed to converge
in the absence of a good initial approximation. However,
in the problem at hand results were needed for a range of
external fields, starting from very weak fields, where the
equations are nearly linear, and ranging upward. So rea-
sonably good initial approximations to P were available
by extrapolation of values obtained for weaker fields.
The simple shooting method did not work very well for
nonlinear problems, presumably because of the instability
of the underlying differential equations. Therefore re-
course was had to a modification, also described in the
literature, that reduces the range over which the differ-
ential equations need be integrated. Instead of solving for
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just p parameters P? that determine all y; at 8, a second
set of parameters P° was introduced that was sufficient,
when coupled with the known boundary conditions, to
determine all the y’s at R = «. The differential equations
are then integrated once from o« and once from 3 to a
common “matching point” Ry, where continuity of all ¥’s
gives 2p equations

F(P°P°Ry) =0, i=1,..,2p (6.2)

This procedure may be considered a simple version of
multiple or parallel shooting.!%!8 It may seem perverse
to double the number of unknowns, but the improvement
in stability of the algorithm was quite considerable. Even
under conditions where either set of equations could be
used, the second set requires less accurate solutions of the
differential equations and therefore may require less
computer time.

B. Differential Equations. With increasing order of
the Legendre or Gegenbauer expansions, the n dependent
parts of the differential operators .£, and W, in eq 4.5 and
4.7, respectively, seemed quite threatening to numerical
stability. Consequently all the second-order differential
equations were transformed using the method of “variation
of constants”. In summary, a solution y for one of the
unknown functions of R, for example, s™(R), is written in
the form

¥(R) = Yi(R)y1(R) + Yo(R)y,(R) (6.3)
and
Yiyi+ Yy, =0 (6.4)

is imposed as a constraint on the Y’s. y, and y, are solu-
tions of the homogeneous equation. For our equations, y;
and y, were powers of R, as discussed in the preceding
section. Further details of these transformations are re-
corded in Appendix D.

VII. Results and Discussion

In this section we examine the numerical results. Only
a few samples are shown, sufficient to indicate orders of
magnitude and trends. A physical picture that makes all
the phenomena qualitatively self-evident has yet to be
found, but more or less plausible rationalizations are of-
fered. Lastly, a conversion between reduced and physical
units will be performed, to illustrate the actual magnitude
of the change in conductivity.

Numerical results for the induced charge and dipole
moment are illustrated in Figures 1 and 2 for a “small”
sphere, ka = 3 and {» = 4, and in Figures 3 and 4 for a
“large” sphere, xa = 50 and {z = 6. The latter figures also
show the striking effects that result from solvent slippage
at the macroion surface. We discuss the results in more
detail in connection with a physical description of the
underlying processes.

A. Physical Analysis. Figure 5 illustrates a positively
charged macroion in an external applied field E°. The +
and - signs indicate the various physical charges to be
discussed. Encircled + and - signs indicate a net charge
density that results from the movement of ions into or out
of a particular region of space. The numbers in Figure 5
identify positions to be discussed. The convention is
adopted that a primed number (not shown on the figure
to avoid clutter) is the mirror image of the unprimed
number. Thus, a negatively charged plate at 1 and a
positively charged plate at 1’ create an applied field E° in
the positive (upward) direction (2). The positive macroion
at 5 moves upward with the electrophoretic velocity U°.

We assign effects that show up with increasing field
strength to the linear, weakly nonlinear, and strongly
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Figure 1. Reduced charge gy vs. field strength 6°. Parameters
were ka = 3, { = 4, D; = 0, and [;/a = 0 (no slip).
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Figure 2. Reduced dipole moment up vs. field strength. Pa-
rameters as in Figure 1.
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Figure 3. Reduced charge vs. field strength for xa = 50, {z =

6, and D; = 0. Solid curve is for no slip, [;/a = 0, and dashed curve
is for partial slip, /;//a = 0.01.

nonlinear regimes of applied field strengths.

1. Linear Regime. a. Maxwell-Wagner Effect.
Consider first the uncharged sphere, { = 0, in a pure
solvent without counterions. Take D; = 0. Then the
boundary condition on the normal component of electrical
field, d¢/db = 0, generates a strong negative dipole moment
or polarizability. Addition of mobile salt ions has no ad-
ditional effect if D; = 0, because the boundary condition
d¢ /b = 0 is sufficient to repel entry of the ions into the
sphere. If D; > 0, a surface charge builds up in the solution
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Figure 4. Reduced dipole moment vs. field strength. Parameters
as in Figure 3.

Figure 5. Schematic diagram of mobile ion flows and accumu-
lations.

to maintain the boundary condition d¢/db as a limit on
solution values of the normal component. The polariza-
bility of a nonconducting, uncharged sphere in salt solution
is the same as that of the sphere in pure water if D; = 0.

b. Ion Atmosphere Polarization. Polarization of the
ion atmosphere accumulates counterions, and a negative
charge density, at 7. A deficiency of counterions, or a
positive charge density, accumulates at 7. This polarization
generates a positive dipole moment.

¢. Combination Effects. If «a is small or {3 is large,

polarization of the double layer dominates, and uz > 0. An
example is seen in Figure 2 for small field strengths. If
xa is large or {5 is small, the Maxwell-Wagner effect
dominates and pp < 0; an example is seen in the solid curve
of Figure 4. The dashed curve in Figure 4 shows results
for a partial slip boundary condition. The increased con-
vection in the double layer yields additional polarization
and makes up > 0.

A second combination effect is the development of a
deficiency of (neutral) salt concentration at 3-4, and an
excess at 3'-4’. At the bottom of the sphere, counterions
flow out and are neutralized by coions flowing upward.
Both positive and negative ions accumulate at 3/, in nearly
equal amounts at low field strength. Counterions flow out
of region 3 into the double layer, and coions flow out of
region 3 toward the upper plate, resulting in a deficiency
of salt concentration there. This is a linear effect but gives
no direct contribution to charge or dipole accumulation.
The perturbation in concentration is a dipole field and
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therefore decays very slowly with distance.

2. Weakly Nonlinear Regime. Figures 1 and 3 show
an initial development of positive charge as the field
strength increases. This is similar to the classical Wien
effect. Convection and electrical forces acting on the
distorted ion atmosphere remove counterions faster from
the region of accumulation, 7/, than from the depleted
region at 7, until, in the steady state, concentration gra-
dients build up to restore a balance. There is no longer
sufficient negative charge in the ion atmosphere to com-
pensate the macroion charge, and the macroion + ion
atmosphere system has a net positive charge.

The polarizability decreases algebraically in this regime,
presumably because the more easily polarized outer parts
of the double layer are stripped away.

3. Strongly Nonlinear Regime. At high field
strengths Figures 1-4 show a strong buildup of negative
charge and negative polarizability. The algebraic decrease
in polarizability continues a trend that started in the
weakly nonlinear regime.

At least part of the decrease in polarizability can be
explained as in 2. If the more easily polarized parts of the
double layer are stripped away, the positive contribution
from the ion atmosphere is lost, and the negative contri-
bution to the polarizability from the Maxwell-Wagner
effect predominates.

However, the dipole moments become more negative at
strong fields than the Maxwell-Wagner polarizability
predicts. So we have to seek some real accumulation of
negative charge in regions 4 to 7 and positive charge in
regions 4’ to 7/, and the former negative charges must
predominate.

A more detailed view of the strongly nonlinear regime
was obtained from an examination of the actual charge and
concentration fields. The system was that used for Figures
3 and 4, with non-slip boundary conditions and a reduced
field of 0.035 (about the largest value shown on the figures).
For the first few Debye lengths away from the surface, the
charge rearrangement shown in Figure 5 at 7 and 7/ and
discussed under 2 is maintained. In strong fields the inner
double layer retains its positive polarization and positive
net charge. The new phenomena have to be ascribed
primarily to the domain 4-4' outside what would ordinarily
be described, in equilibrium, as the double layer. The
region of disturbance is quite large: at 10 Debye lengths
from the surface the salt concentration still deviates from
its bulk value by roughly 50% (positively in region 3’ and
negatively in region 3). The negative charge accumulation
peaks in the vicinity of 34 Debye lengths from the surface.

Apparently the inner part of the ion atmosphere can
conduct counterions downward sufficiently rapidly that
a steady-state depletion occurs at 7, while the outer region
4, with a weaker conductivity, shows a steady-state accu-
mulation.

B. Physical Units. The relative change AK in con-
ductivity due to macroions at number density Cp is*

AK/KS = 47I'CPLL/DE0

where Kg is the conductivity of pure salt solution and u
is the dipole moment. In our reduced units this equation
can be written

AK/Kg = (3ug/o’6%)p

where p is the volume fraction of spherical macroions.

The system used for Figures 3 and 4 is considered for
a numerical example. Suppose the salt concentration is
103 M. The Debye length is «! = 100 A, and since xa =
50, the radius is about 5000 A. This is in the range
available for polystyrene latex spheres. Take £° = 0.02,
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on the border of the strongly nonlinear regime. This
corresponds to about 500 V/cm, according to eq 2.38.
Figure 4 gives up =~ -700, and therefore

AK /Kg = -0.8p

A very small p is wanted, since the theory deals strictly
with dilute solutions. In sum, it would be necessary to
measure roughly 1% changes in the conductivity of 10~
M salt solution to moderate accuracy to test the theory.
The required field strengths are fairly low, so pulsed bridge
techniques seem likely to be feasible. We can say at least
that the conditions seem less severe than apply to the
classical Wien effects.!

It is remarkable, and perhaps not surprising in retro-
spect, that nonlinearity sets in at quite low field strengths,
such that the potential drop of an elementary charge across
a distance a, the radius, approximates kg7. In other words,
the field strength scales with the radius of the sphere
instead of the Debye length, as holds for the Wien effect
in strong electrolyte solutions.! Presumably this change
results from our choice of parameters k¢ > 1 and would
be reversed for xa < 1.

Appendix A. Polynomial Basis Functions

The Legendre polynomials in ¢ = cos 6 are the usual ones
Py =1, P, =, .., and satisfy

j: IP,,(c)Pm(c) de = 2@2n + 1), (A1)

The Gegenbauer polynomials G, are required only for n
> 1, and with that restriction they satisfy

16,6 (e)1 - ¢ de = 2lnin - D(@n - DI,
(A2)

The sequence of G,’s starts with Gy = 1, G, = —, G, = (1
- ¢?/2. For n > 1 the G, vanish at ¢ = 1, and for
functions satisfying this same boundary condition the G,
provide a complete and orthogonal basis set. The G, may
be computed from their relation to the P,,

Gn = (Pn-2 - Pn)/(2n - 1) (A3)

This same relation together with recursion relations for
P, gives a useful identity

Gn, = _Pn—l (A4)

Appendix B. Linear Oscillatory Flow

The asymptotic concentration, charge, and potential
fields are developed here for linear oscillatory flow. For
the most part in the equations are derived by dropping
terms from those obtained in section V. However, the
discussion of the asymptotic charge density in section V
can be improved for linear flow. It is not necessary to
worry about contributions to the charge density that are
nonlinear in the h;(R), nor is it any problem to correct the
electrical potential for a slowly decaying charge density.

The distinction in section V between the h; and f;
functions need not be maintained in the linear problem.
Equation 5.7 becomes

h(R) = 2min [ B, ORR) PN,/ DIR dk - (B1)

The superscript n is retained to label the order of Legendre
polynomial being considered, but only n = 1 is physically
relevant. Likewise the source functions T,(k) have pro-
jections only on P;(cos #). As in section V, only the case
I = 2, that is, when two species of mobile ions are present,
is considered in any detail. For large I one should either
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automate the generation of polynomials or follow the ei-
genvalue methods of DeLacey and White.®
Equation 5.9 becomes

Njn = ?,,.NJ =
-[TrR? + iwy)) + (T - 2, TN Z](-ik)" (B2)

Equation 5.18 has been used to factor out the dependence
of T; on k. The quantities v, are defined by v, = v, and
vy = %4;. Equation 5.11 becomes

D=kt+BR2+C (B3)
where
B=1+iwly; + v,) (B4)
and
C = iw(212yvs + 252571 — @®v172 (B5)

Since D(k) is quadratic in k2, it may be factored into
D = (B2 + MR+ \D) (B6)

A; and A, are presumed to be defined such that iX; and iA,
lie in the upper half of the complex plane. Then repetition
of the contour integration in section V, this time retaining
all roots, gives

hMR) = A"(A\)g.(MR) — A*(N)g,(\R)  (BT)
where A”(}) is defined by
AJH(A) = (lw‘Y}, - )\z)T]n + Z'(ZiTjn - ZjTin)Zi (BS)

As before, constants have been absorbed into the 77", since
they are simply parameters that have to be obtained nu-
merically, to fit the inner boundary conditions.
The charge density h,, is given by
h" = ZZihi”
= A™(\)g,(\R) — A"(\)g,(AR) (B9)

where
AN = SZ;Ap
= Y Z(iwy/ - )T} {B10)
Since the g,(AR) are eigenfunctions of .L,, the solution of
L,pp" = -h" (B11)

is readily seen to be
on" = ~NPAMM)E (MR + A PAMN)E,(NR) (B12)

This is the correction to the multipole expansion of ¢™(R)
to be used in eq 5.25.

Appendix C. Modified Spherical Bessel
Functions

Our functions g,(\R) are related to the K, of ref 15
by

£,(\R) = N"*1(2 /7 AR) 2K 41 /5(AR) (C1)

The g, are eigenfunctions of .L, and satisfy

Logn = N8, (C2)

The sequence starts with
go = Rle™® (C3)
g1 = R2%(1 + A\R)e ™™ (C4)

Higher members of the series are generated by the re-
cursion relations
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En+1 = )\2gn—1 + (2n + 1)R_1gn (05)
and
0gn/0R = =[N’gpy + (n + )R7g,] (Ce)

Appendix D. Transformations

The transformations of dependent variables for nu-
merical integration are described here. The dependent
variables associated with the deviations from equilibrium
are h;"(R), s"(R), w*(R), and ¢™(R). These are designated
generically as y(R) and the differential operators .£,, and
N, by M:

My = X(R) (D1)

92 ]
M Py + Xl(R)aR + X,(R) (D2)
The homogeneous equation My = 0 has solutions y;(R) and
yo(R). For the problems at hand these solutions are y, =
R~"*D and y, = R" for the operator .£,,, and y; = RI™ and
¥y = R for the operator N,
Equations 6.3 and 6.4 lead to

Y =-yX/W (D3)
Y= Gy —yy)/W (D4)
Yy =y X/W (D5)
Yo =-Oy/ -yy)/W (D6)
where W is the Wronskian
W=y - vy (D7)

For each of the physical fields, eq D3 and D5 add a pair
of first-order differential equations to the coupled set that
has to be integrated numerically. Equations D4 and D6
give the boundary conditions on the Y’s in terms of the
known boundary conditions on y and y’. The source
functions X are tabulated in section IV and depend non-
linearly on the fields as well as on R.

To prevent numerical overflow and underflow for large
a and R, the Y’s associated with £, or W, are further
transformed by

B.(R) = oY (R) (D8)
By(R) = a"Yy(R) (D9)

The equation for y*(R) was transformed to one for a new
function Y(R), defined by

V8(R) « Y(R)R e ® (D10)

a proportionally constant being chosen for convenience and
to avoid underflow. At large R the boundary condition is
Y (R) = 0.
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Luminescence Techniques in Polymer Colloids. 1.
Energy-Transfer Studies in Nonaqueous Dispersions
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ABSTRACT: Nonaqueous dispersions (1-3-um diameter) of a polymer colloid were prepared containing
naphthalene (N) groups covalently attached to the poly(methyl methacrylate) (PMMA) core. Cilia of po-
lyisobutylene grafted onto PMMA served as the steric barrier to stabilize the dispersions. Typical naphthalene
fluorescence was observed when isooctane suspensions of these colloids were irradiated at 280 nm. When
anthracene (A) was added to the solvent, energy transfer N* + A — N + A* was observed. The rate constant
for this process was 70 times slower than for the corresponding reaction between excited 1-naphthylmethyl
pivalate and anthracene. These results are interpreted in terms of a diffusion model in which both anthracene

diffusion and exciton diffusion play a role.

This paper describes results on the use of fluorescent
labels to study the properties of nonaqueous dispersions
of polymer colloids. Fluorescence techniques have seen
wide applicability in biochemistry as tools to study the
molecular morphology and molecular dynamics of complex
systems.! More recently, these techniques have been ap-
plied to polymers. Several reviews on the subject have
appeared.? Among the topics in polymer science studied
by fluorescence techniques are molecular orientation and
molecular motion in amorphous polymers,? chain in-
terpenetration,* the thermodynamics of mixing in polymer
blends,® and a wide spectrum of solution properties of
polymers.>® For example, our research group has devel-
oped a fluorescence technique for measuring the slowest
internal (Rouse~Zimm) relaxation time of polymer chains
in dilute and concentrated polymer solution.®

In this paper, we focus our attention on the fluorescence
properties of polymer colloids™ that are sterically stabilized
by cilia of polyisobutylene (PIB) and which contain
naphthalene (N) groups covalently attached to the poly-
(methyl methacrylate) (PMMA) that comprises the core
of the particle. These colloids form stable dispersions in
alkane solvents and clear, homogeneous solutions in sol-
vents such as chloroform and ethyl acetate, which can
dissolve PMMA. We have examined the fluorescence of
these dispersions in aliphatic alkanes, exciting the samples
at 280 nm, where the N groups absorb. In subsequent
experiments, we added anthracene (A) to the alkane dis-
persion medium for the colloid, since we wished to in-
vestigate the possibility that A might approach sufficiently
close to the colloid’s core surface to accept energy from a
photoexcited N. Quenching of N* and sensitized A*
fluorescence would result.

*On leave from the Department of Physics, Hacettepe University,
Ankara, Turkey.
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The PIB sterically stabilized PMMA colloids were
prepared in a two-step procedure.” In the first step, short
PMMA sequences were grafted onto a PIB sample of
nominal molecular weight 104, These PIB samples contain
sites of unsaturation for reaction with either initiator
radicals or growing PMMA chains. Polymerization is
terminated before the PMA sequences become sufficiently
long as to render the polymer insoluble in the cyclohexane
reaction mixture. This short graft copolymer, called the
“dispersant”, is precipitated from solution with ethanol and
purified.

In the second step of the preparation, the dispersant,
methyl methacrylate (MMA), an initiator, and a meth-
acrylate derivative of the desired chromophore are com-
bined in cyclohexane solution and refluxed overnight. A
white dispersion forms. The reaction is stopped before all
the monomer is incorporated into the dispersion. This
procedure produces spherical particles of relatively narrow
distribution of sizes. Using 1-naphthylmethyl methacrylate
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